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introduction
The main tasks in the design of machinery and vehicles imply achieving the highest technical-economical and operational indicators: performance, operational reliability, and cost. One of the most important factors when solving these tasks is the minimization of mass of structures. The greatest attention to the problem of reducing the mass is paid in transport engineering. Thus, the thickness of passenger cars made by different manufacturers is 1…2 mm; the thickness of the unloaded sections of modern automotive bodies (wing, trunk, etc.) does not exceed 0.7 mm, in some makes -0.3 mm.
The trend of decreasing thickness is limited mainly by the possibilities of manufacturing high-quality thin-walled rolled metal.
In transport engineering, one of the main criteria of quality is the ratio g 1 of payload mass to the mass of the structure. For marine transport, g 1 = 2.3…7.0; for railroad transport, g 1 = 2.0…2.5; for automobile transport, g 1 = 0.5…1.5, for aviation, g 1 = 0.3...0.75. The larger magnitudes here correspond to the largest size of vehicles. Similar characteristics are calculated for stationary machines and apparatuses. These data explain the steady trend of growth in the dimensions of machinery and technological equipment.
The largest decrease in the mass of parts can be achieved by providing them with full equal strength. The ideal are the structures over whose entire volume such similar stresses occur that are equal to those permissible. Such results are possible for a very limited number of structures with a variable area of cross section with at the one-dimensional stressed state (rods, when stretched or compressed; disks, loaded with centrifugal forces). When bending, under torsion and complex loaded states, the stresses at the cross section are distributed unevenly: they have the highest magnitude at the extreme points of cross section and may drop to zero at other points. The effective reduction of mass of the onedimensional parts, loaded by bending and torsion, is achieved by reducing the areas of cross sections in sections that experience insignificant internal forces.
When designing two-and three-dimensional parts, a minimum of mass is often not achieved, because of the growing complexity in estimation schemes; in addition, solution to such problems may prove ambiguous. When designing equipment, engineers resolve the issue of reducing the mass mostly intuitively, guided by the existing experience or known proto types. Therefore, the development of analytical methods to minimize the mass of parts in structures of complex shapes is always an important task.
literature review and problem statement
One of the main factors that determine the level of optimal structural design is the criterion of a mass minimum, because the cost of metal in the overall cost structure accounts for 60...80 % [1, 2] . For round plates, at bending, the stressed state depends on the character of a transverse load, geometrical dimensions (radius R and thickness) and fas tening techniques. A minimum of mass of the round plate will be reached under uniform distribution of maximum stresses and the fulfillment, at all surface points, of the strength condition, σ σ 5 r ( ) [ ] = =const. Here, 0 ≤ r ≤ R is the radial coordinate, [ ] σ and σ e is the stress that is permissible and equivalent (for example, in line with the von Mises theory). Such parts are called equally strong. The condition of being equally strong is satisfied only when a round plate is stretched in its plane by centrifugal forces (the flat-stressed state). It is known that for the disks of turbo-machines the condition of being equally strong is met at a change in thickness in line with the exponential law [3] . The vast majority of plate parts of machines and vehicles may only come close to being equally strong [4] .
The minimization of mass of round plates at bending can be achieved in different ways.
The first group, implying a decrease in area or load, or rational arrangement of supports, is apparent and is used at the first stage of designing.
To further minimize the mass, it is possible to apply the second group of techniques -the rationalization of a shape or a material: in regions with small internal efforts, the thickness decreases accordingly, or the material is replaced with that less strong and less expensive. The latter technique is more challenging to implement and it is hardly used in practice. Thus, designing round plates with a thickness that rationally changes in the radial direction may be considered the dominant minimization technique [5] .
The most interesting in terms of mathematical modeling is the shape of a round plate whose thickness gradually changes in the radial direction, in line with the linear, power, exponential, or other laws.
The simplest shape of variable thickness is linear (as a particular case of the power thickness). Calculations of such structures are performed often enough for the elements of building structures, for plates with local loads along a circle and in the center [6, 7] . Note that the linear dependence of the plate thickness on radial coordinate r is rational if radial bending moment M r (r) decreases from the center to the periphery, and thus the thickness could decrease in this direction in line with dependence h r h kr ( ) .
Such a dependence is applicable for plates, freely leaned against external contour R. If moment M r (r) increases with in creasing coordinate r, one should accept k 1 < 0. Such a problem has a simple analytical solution if thickness at the center of the plate h 0 = 0 (and it is typically applied), but such a form is acceptable only for annular plates.
The exponential law of change in thickness is employed in the form of Gaussian function:
where h 0 is the thickness in the center of the plate, n is a parameter.
Parameter n defines the character of change in thickness: at n > 0, thickness from the center to the periphery grows, at n < 0 -decreases. A special case n = 0 defines the plate with a constant thickness. The form of mathematical modeling of variable thickness (1) is applicable for both solid plates and plates annular in plan, thereby it is more universal than the linear form.
The problem on bending a round plate with variable thickness (1) was stated in the form of a differential equation of second order with variable coefficients by O. Pichler. An unknown function was considered be the turning angle j of normal to the middle surface of the plate, which forms when bending the plate. The general solution to this equation was obtained as the sum of two power series with coefficients of quite a complex structure. Solutions to some problems on bending the plates with thicknesses that change according to power or exponential laws were obtained in hypergeometric functions by A. D. Kovalenko. For round plates with the shape (1) of radial cross sections, a general solution to the differential equation of bending is determined using the confluent hypergeometric functions by Kummer's. Note that the Kummer's functions theory is well developed and these functions are effectively applied in such diverse fields as statistics [8] , physics [9] , soil mechanics [10] , metrology [11] , biology [12] , etc.
Real plates can have very diverse shapes of contours and cross sections, complex laws of transverse load, and non-uniform structure. Thus, lenses and mirrors of optical apparatuses, lithospheric plates of the Earth, are calculated, in particular, for the action of thermal load [13, 14] . Some parts of modern structures utilize specialized materials, which are called functionally-gradient materials (FGM). Plates made of FGM have variable mechanical characteristics (density, modulus of elasticity, etc.). The equations that describe the stressed-strained state of such plates and the plates with a variable thickness, as well as their solutions, are similar [15, 16] . For plates with a complex configuration, it is appropriate, instead of analytical methods of calculation, to apply MFE [17] . where w r 0 ( ) is the displacement of the median surface due to transverse load; a i is the constants of integration.
Due to the simplicity of a given solution, an estimated model is selected for a plate with equivalent stepwise-constant thickness, or plates with such a shape are constructed [18, 19] . Analytical calculation of such plates can be performed applying the method of initial parameters. It should be noted that at bending of plates with a stepwise-constant thickness, zones of change in thickness are exposed to the concentration of stresses. Such zones require special methods, such as the method of finite elements (MFE).
When considering the above scientific sources, it should be noted that their authors, when calculating round plates of variable thickness, solve and analyze problems only for simple boundary conditions (rigid fastening, free leaning, or a free edge). Actual structures are often under complex conditions when a round plate is in contact with another elastic structure: an annular rim (pulleys, toothed wheels, railroad wheels) or a shell (cylindrical, conical, or another). Therefore, stating and solving the problems on contact for plates of variable thickness with simultaneous determining of the shape of a radial cross section, which is achieved with a minimum mass, is an important theoretical and practical task.
the aim and objectives of the study
The aim of present study is to minimize the mass of circular plate parts with regard to the conditions of contact with other elements of the structure by enabling their variable thickness. In this case, the strength and initial dimensions of a machine or an apparatus remain unchanged.
To accomplish the aim, the following tasks have been set: -to solve the problem on bending a bottom whose variable thickness is assigned by the exponential Gaussian function, and to determine the constant of integration from conditions of contact with the wall of a cylindrical apparatus; -to develop a method for the optimization of shape of a radial cross-section of the bottom, which implies passing from its shape as a plate with constant thickness to the plate of variable thickness and minimal volume, through a rational use of the specified material;
-to work out a rational design of the circular zone of connection between the designed bottom and a body. In apparatuses with flat bottoms, a cylinder wall typically has a constant thickness, which is determined from the condition of strength of the shell at the moment-free stressed state. The thickness of flat bottoms is also given as constant. The reason for such structural solutions is explained by the ease of making these elements in apparatuses, although in the forged bottoms, the thickness in a zone of transition to the wall always increases in order to reduce moment stresses [20] .
We shall accept that the wall of a cylindrical apparatus has constant thickness h 1 , and thickness of the bottom h changes in line with law (1) .
Place the origin of the O cylindrical coordinate system at the center of the plate. We shall denote: z is the axial coordinate, r is the radial coordinate. The problem is axisymmetric, so the stresses and displacements do not depend on the circular coordinate t. We shall conditionally separate a wall of the apparatus from the bottom and accept the line that crosses middle surfaces as a connecting line (Fig. 1) . We shall formulate compatibility conditions of deformations of the wall of the vessel and the bottom at the connecting line, at r = R and z = 0: θ θ 
where M 0 and Q 0 are the initial parameters (bending moment and a lateral force, arising in the wall at z = 0). Cylindrical rigidity of the wall and the parameter that determines attenuation speed of the moment state with the growth of coordinate z are determined, respectively, by formulae:
Radial displacement of the vessel's wall edge in line with a boundary condition produces an equation with two unknown initial parameters:
where Е and μ are the modulus of elasticity and Poisson's coefficient of the apparatus's material. Differential equation of bending, formulated for the turning angle of normal j(r) to the median surface of the bottom as a round plate, and upon replacing r Rx = takes the form [2] :
where a dimensionless multiplier is
Solution to equation ( 
where M(a, b; z) and U(a, b; z) are the Kummer's functions of the first and second kind with argument z = 0.5nx 2 [21, 22] . It is known that Kummer's function of the second kind U a b z z ( , ; ) .
The turning angle of normal to the curved median surface of the round plate j(0) = 0, which is why in (7) we assign C 2 = 0. As a result, equation (7) takes the form:
where for the Kummer's function of the first kind the following designation is accepted:
Boundary condition for the turning angles, given expressions (2) and (8) 
At transverse load, the plate is exposed to the radial and circular bending moments:
which define estimated stresses
Given (8), we obtain formula 
Solution to the system of three equations (4), (10) .
These three quantities contain all the geometrical and mechanical characteristics of the body, which are assigned during design, except for parameter n. The procedure of determining the magnitude n is demonstrated by the example in the next chapter.
optimization of the shape of a radial cross-section of the bottom
The set task is solved for the following data: radius of the inner surface of the wall R і = 1 m, q 0 = 5 MPa, [σ] = 180 MPa. Material of machine is steel 16GS. The design of the bottom, shown in Fig. 1 , is simplified; we consider it flat-concave, leaving dependence (1) for the variable thickness. Such a shape somewhat reduces the concentration of stresses in the connection between the wall and the bottom.
Estimated thickness of the wall ( 
We accept h 1 = 30 mm. The bottom's thickness at h = const [13] : 
We shall determine the magnitudes of coefficients: 2 10 30 1000 6 10
Taking into consideration these coefficients, formulae for the initial parameters M 0 , Q 1 , C 1 of the problem take the form:
We assume the thickness of bottom in the center h 0 = 120 mm, next we build the surface of equivalent (in line with von Mises theory) stresses σ е (х, п), which are determined through main stresses (13) next, using a graphical technique, we determine the parameter of change in thickness n. This parameter must be positive, because the thickness of the bottom must increase when approaching its contour, that is, at х → 1. To determine the character of change in the thickness of the bottom, it is necessary to find parameter n, responsible for a given change. Its magnitude must be such so that stresses in the bottom do not exceed permissible ones. To determine the range of values of n, at which condition σ е ≤ [σ] is met, we build, in the first approximation, surface σ е (х, п) in the range п = 0.1…2 (Fig. 3) . An analysis of the character of surface of stresses σ е indicates that the condition of strength is satisfied under any values of argument x if the parameter is within 0.1 < п < 0.25. Building the surface σ е (х, п) in this narrowed range made it possible to find the resulting magnitude of parameter n = 0.1448 at which maximum stresses do not exceed 192 MPa and are distributed almost evenly. We accept that the maximum stresses may exceed the permissible ones by 7 %, that is, be equal to 193 MPa. Thus, at n = 0 1448 . , the condition of strength:
193 MPa is satisfied. Thickness of the bottom as a function of radius is determined from formula:
6. construction of the annular zone of connection between the bottom and the wall of the apparatus
Dimensions of the conical zone of transition from the bottom to the wall are determined based on the recommendations from reference book [20] . Calculation of stresses in the transition zone, which has a complex geometry, is impossible using analytical methods. Such objects are successfully treated with sampling methods.
In this case, we used the finite element method (MFE) in the software ANSYS. To simplify the procedure, boundary zones of the vessel are taken to be equal (two bottoms); the sampling of the structure is shown in Fig. 5, 6 . Preliminary calculation was performed at larger FE and was refined at smaller FE.
Construction was executed in successive steps, at each of them, based on the results of analysis of the previous step, we improved the designed structure, in this case -in order to reduce stresses in the transition zone bottom-wall. At the first stage, the calculation was performed in the absence of rounding, r k = 0 for thickness at the center of the bottom h 0 = 120 mm. Calculation using MFE produced maximum stresses in the zone of transition -245.2 MPa; they, however, exceed the permissible stresses σ [ ] = 193 MPa (Fig. 7) .The calculation showed that a decrease in thickness in the center (120 mm instead of 150 mm) did not cause an overload in the bottom itself as a result of assigning a variable thickness. At the second stage, transition from the conical surface to the wall of the vessel was performed using the rounding by a radius, which, based on the recommendation from reference books [20, 23] , is equal to the thickness of the wall, 30 mm. It was established that the overstress in a given zone of the conical transition amounted to 23 %.
The final, the third, variant of the calculation was performed for the scheme shown in Fig. 8 .
Construction with a consistent increase in the rounding radii of the conical transition at each new stage makes it possible to ultimately meet the criteria of strength at a minimal consumption of material. а b Fig. 8 . The third stage in the construction of geometry of the transition zone from the bottom to the wall: a -construction of the transition zone; b -distribution of equivalent stresses defined using MFE
results of the study into the minimization of mass of round plates
It was established that the calculation of the bottom as a component in the design of the body of an apparatus is implemented in a closed analytical form using the Kummer's functions. The result of present research is the confirmation of a possibility to reduce the mass of round flat bottoms, established for the round plates, applying simple techniques from papers [2, 23, 24] . The calculations show that a decrease in the mass of the bottoms of vessels in the transition from the fixed thickness to the variable thickness can range from 10...25 % (larger values from a given range are reached when the magnitudes of pressure q 0 and radius R increase).
The positive effect of present study is confirmed by the practical implementation of the applied methods of optimization in an actual CAD system, employed in the production of vessels that operate under pressure. For this purpose, we provided PAT «Berdychiv Machine-Building Plant Progress» (Ukraine) with the software «CAD system for flat bottoms of vessels loaded by internal pressure» with a block-hierarchical structure. Its elements include the following units: initial data, technical task, formalization of the object, mathematical model, and the optimization of design by the brute force method.
Discussion of results of examining the method for optimizing the shape of a bottom
Calculation of a round flat bottom of variable thickness as the element of a vessel's body, which operates under pressure, is based on the method of mathematical modelling of the bottom proposed in papers [1, 2, 25] .
The advantage of the developed calculation method is the representation of solution in the analytical form. The obtained formulae make it possible to estimate the impact of separate characteristics of the structure (material, wall thickness, bottom thickness, dimensions) in the analytical or graphical fashion without repeatedly solving the problem.
The shortcoming of the proposed mathematical model of variable thickness h(r) in the form of a Gaussian function (1) is the inability to create a perfect equally-stressed design of the bottom. This task can be resolved by optimizing the function h(r) for separate annular zones of the bottom.
The proposed method of optimization of the shape of a radial cross-section of the bottom is demonstrated in present paper using as an example the calculation of the bottom of a vessel loaded by internal pressure, for which we achieved a substantial reduction in the mass of the bottom.
A variable shape of the cross section appears rational for many structures with round plate parts. The proposed procedure to minimize the mass is applicable in the presence or absence of reinforcements of contours (diaphragms of pipelines and vessels, screw shafts, etc.). It is recommended to use the method developed for solving the problem on minimizing the mass of flat parts with a round or an annular shape.
If appropriately improved, a given method could address problems on a cyclically symmetrical loading of round plate parts with variable thickness (flat lids of apparatuses, disks of toothed of rail wheels, disk locks of pipelines). We plan to solve the problems of this type in the future studies.
conclusions
1. We have proposed a mathematical model for the bottom of a tank with variable thickness in the form of a Gaussian function (1) . The problem on bending the bottom, connected to the wall of a cylindrical apparatus, was reduced to a system of three algebraic equations. The resulting analytical solution includes all the preset mechanical and geometrical characteristics of the structure.
2. We have developed a method of optimization of the shape of a radial cross section of the bottom of an apparatus for the criterion of a mass minimum, based on the analysis of a three-dimensional graphical interpretation of the condition of strength. The method makes it possible to significantly reduce the radial uneven distribution of equivalent (in line with von Mises theory) stresses in the bottom.
3. The most dangerous in an apparatus is the annular zone of connection between a flat bottom of variable thickness and a cylindrical wall. Momentous stresses in this region exceed the stresses in a cylindrical wall by 3...4 times. A reduction in stresses to the level of permissible ones is achieved by applying a conical transition with smooth rounding. The rational form of transition is constructed by sequential approximations using MFE at every stage. For the designed bottom with variable thickness, the reduction in mass is 22 % compared with the bottom of constant thickness.
